POINTWISE APPROXIMATION THEOREMS FOR COMBINATIONS OF 
BERNSTEIN POLYNOMIALS WITH INNER SINGULARITIES 



WEN-MING LU AND LIN ZHANG 



Abstract. We give direct and inverse theorems for the weighted approximation of functions with 
inner singularities by combinations of Bernstein polynomials. 



1. Introduction 

The set of all continuous functions, denned on the interval /, is denoted by C(I). For any / G 
C([0, 1]), the corresponding Bernstein operators are defined as follows: 



f(-)Pn,k( x ), 



k=0 



where 



Pn,k(*) ■= (^jx k (l-x) n - k , fc = 0,l,2,...,n, xe [0,1]. 

Approximation properties of Bernstein operators have been studied very well (see [2], [I], [5]- [9], |14j - 
16J, for example). In order to approximate the functions with singularities, Delia Vecchia et al. [4] 
and Yu-Zhao [14] introduced some kinds of modified Bernstein operators. Throughout the paper, C 
denotes a positive constant independent of n and x, which may be different in different cases. Ditzian 
and Totik |5j extended the method of combinations and defined the following combinations of Bernstein 
operators: 

r-l 

B n , r (f,x) :=J2Ci(n)B ni (f >X ), 



i=0 



with the conditions: 

(a) n = n Q < ni < ■ ■ ■ < ^ Cn, 

(b) Z r iZo\Ci(n)\<C, 

(c) EZo^(n) = l, 

(d) E[=o Ci{n)nr k = 0, for k = 1, . . . ,r - 1. 

For any positive integer r, we consider the determinant 

1 1 1 

2r + 1 2r + 2 2r + 3 

(2r)(2r + l) (2r + l)(2r + 2) (2r + 2)(2r + 3) 

2---(2r + l) 3---(2r + 2) 4 • • • (2r + 3) 



1 

4r + 1 
(4r)(4r + 1) 

(2r + 2)--.(4r + l) 
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We obtain A r = Jlj=2-?'- Thus, there is a unique solution for the system of nonhomogeneous linear 
equations: 



(1-1) 



Let 



a\ + a 2 + ■ ■ ■ + a2r+i = 1, 

(2r + l>i + (2r + 2)a 2 + ■■■ + (4r + l)a 2r +i = 0, 

(2r + l)(2r)oi + (2r + l)(2r + 2)a 2 + ■•• + (4r)(4r + l)a 2r+ i = 0, 

(2r + l)!ai + 3 • • • (2r + 2)a 2 + ••• + (2r + 2) • • • (4r + l)a 2r +i = 0. 



a lX 2r+1 + a 2 x 2r + 2 



rU) = { 0, 



a 2r+ ix 4r+1 , < x < 1, 
x < 0, 
x= 1. 



with the cocfhcicnts a\, a 2 , • • • , a 2r +i satisfying From we see that^(x) G C*( 2r )(-oo,+oo), 

< ip(x) < 1 for < x < 1. Moreover, it holds that ^(1) = 1, ^W(O) = 0, i = 0, 1, • • • , 2r and 
^W(l) = 0, i = 1,2,- •• ,2r. 
Let 

r+1 

//•:/••'•) :=^/(x. ( )/ 4 (x), 

i=l 

and 

r r+l 



/i(x) 



i) [<~((r-l)/2 + *)] 

, Xi = , i = 1,2,- --r + 1. 



Further, let 



and 



' _ K- 2^ , _ [ng - ^nj , _ [n£ + Vn| / 

Xi — , x 2 — , x 3 — , x 4 



V>i(x) = V>( 



Xa 



Set 



We have 



F„(/, x) := F„(x) = /(x)(l - ^(x) + ^ 2 (x)) + ^(x)(l - ^ 2 (x))ff(x). 



Fn{f,x) = 



f(x), _ _ x G [0,x r _ 5/2 ] U [x r+3/2 , 1], 

/ 0*0(1 - Vl(x)) +1pi(x)H(x), XE [x r _ 5 /2,X r _3/ 2 ], 

H(x), x £ [x r _ 3 / 2 , x r+1 / 2 ], 

H(x)(l - ip2(x)) + ^ 2 (x)/(x), x G [x r+1/2 , x r+3/2 ]. 



Obviously, F n (f, x) is linear, reproduces polynomials of degree r, and F n (f,x) G C( 2r )([0, 1]), provided 
that / G C( 2r )([0,l]). Now, we can define our new combinations of Bernstein operators as follows: 

(1.2) B n>r {f,x) := B n>r {F n ,x) = ^Ci{n)B ni {F n ,x), 

i=0 

where Ci(n) satisfy the conditions (a)-(d). 



2. The main results 

Let 4> : [0, 1] — > R, 7^ be an admissible step-weight function of the Ditzian-Totik modulus of 
smoothness, that is, <p satisfies the following conditions: 



(I) For every proper subinterval [a, b] C [0, 1] there exists a constant C\ = C(a,b) > such that 
Of 1 sC </>(x) < Ci for x G [a, 6]. 
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(II) There are two numbers /3(0) > and /3(1) > for which 



(X ~ Y means C^Y ^ X < CY for some C). 
Combining conditions (I) and (II) on <j), we can deduce that 

C-ifaix) < cf>{x) ^ Cfa(x), x e [0, 1], 

where <j) 2 (x) = xP<®{! - x)^\ 

Let w{x) = \x - < £ < 1, a > and := {/ G C([0, 1] \ £) : Hm (tD/)(x) = 0}. The norm in 

x — 

Cw is defined as j|/||c tl , := \\wf\\ = sup \(wf)(x)\. Define 

0<a:<l 

W; := {/ e C ffi : /C*- 1 ) e A.C.((0, 1)), \\wff^\\ < <^}, 
WJ, A ~ {/ € : € AC.((0, 1)), ||<V A / W II < °o}. 

For / 6 , we define the weighted modulus of smoothness by 

w£CM)ib := sup sup |«)(a;)A^ (a . ) /(a:)|, 

where 

r 



= £(-in J /(x + ( 2 - 
Am = E(-i) fe f[) ^ + (r - fe)^). 



fc=0 v 7 

Recently Felten showed the following two theorems in [6]: 



Theorem A. Let ip(x) — -J x(l — x) and let <f> : [0, 1] — > R, 7^ be an admissible step-weight 
function of the Ditzian-Totik modulus of smoothness([5]) such that cj> 2 and (p 2 /<fi 2 are concave. Then, 
for/€C[0,l] and0<a<2, \B n (f, x) - f(x)\ < w*(f, n" 1 /^). 



Theorem B. Let <p(x) — y/ x{l — x) and let : [0, 1] — > R, <f> 7^ be an admissible step-weight 
function of the Ditzian-Totik modulus of smoothness such that cf> 2 and ip 2 /cj) 2 are concave. Then, for 
/ G C[0, 1] and < a < 2, |B„(j» - f(x)\ = 0(( n -^ 2 ^) a ) implies w*(/,t) = 0(t a ). 
Our main results are the following: 

Theorem 2.1. For any a > 0, min{/3(0), /3(1)} ^ |, / € C^, we ftave 

(2.1) ^(^(x)^!^)! < C-» 5 IN/I|. 
Theorem 2.2. For any a > 0, / € WT, we /iave 

(2.2) WxWWBV^&xil < C||^/ (r) ll- 
Theorem 2.3. For / eC s , a > 0, min{/3(0), (3(1)} > |, a € (0,r), we have 

(2.3) «)(a:)|/(x) - B Bir _i(/,a;)| = 0((ri~ V'WWn) «=> wJC/.t)™ = 0(* a °). 

3. Lemmas 

Lemma 3.1. (115] ) For any non-negative real u and v, we have 

n-i , , 

(3.1) - -)"W(z) < Cx~ u (l - x)-\ 

L — ' n n 

k=l 
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Lemma 3.2. ( A ) If 7 e R, then 

n 

(3.2) \ k - nx\^p n>k {x) ^ Cni^(x). 

k=Q 

Lemma 3.3. For any f £ WJ, a > 0, we have 

(3.3) \\w<t> r F^\\^C\\w<t> r f^\\. 

Proof. We first prove x G [aV- 5/2> 2V-3/2] (The same as the others), we have 

\w(xW(x)F^(x)\ < ^(^(x)/^*)! + Kx^OrX/Or) -F„(x))«| 
:= A+/2. 

Obviously 

Ji<c|M r / (r) ll- 

For "we have 

r 

I a = - F„(x)) (r) | = w(x)^(x)X> 4 l(/(z) - F„(z)) (r_i) l- 

i=0 

By [5], we have 

K/Cx)-^^))^!^^,^] <C(nV||/-ff|| K _ 5/3iar _ 3/2] +n-i||/W|| br _ 5/2iKr _ 3/2] ). 
So 

J 2 < Crii^Co;)^^)!!/ - i?|| [a;T ._ s/3 , a;r ._3 /2 ] + CiD(a ; )^'"( a :)||/^|| [:Cr ._ 5/2 , :Cr ._ 3/2] 
:= 7i+T 2 . 

By Taylor expansion, we have 

(3.4) /(*,-) = £ + r^rry /% - sY^f^ds, 

u=0 U - [T Jx 

It follows from ()3.4[) and the identity 



Y^xlk{x) =Cx v , v = Q,l, 



i=i 

we have 



(r-1)! ^ 

i=l u=0 v y i=l 

r u r 



«=1 w=0 



(r-1)! 

y ' 1=1 

which implies that 

u;(x)^(x)|/(x) - i)| = -J—^)^) J2 h{x) r\x t - sY- 1 f {r \s)ds 



(r-1)! 



DIRECT AND INVERSE ESTIMATES FOR COMBINATIONS 

since \k(x)\ C for x e [x r _ 5 / 2 ,x r _ 3/2 \, i = 1,2,--- ,r. It follows from lx %f s) < 
between Xj and x, then 

w)(x)^(x)|/(x)- J ff(.f,x)| = Cw(x)cj> r (x)J2 Pixi-sy-^Wds 

»=i 

< C^(a;)||^/ (r) ll X>« - z) r_1 0"»<k 
i=i 



So 

J 2 <C||«#V (r) ll- 

Then, the lemma is proved. 
Lemma 3.4. If f £ WJ, a > 0, iften 

(3.5) ^ (x )| 3(x )_^( 3 ^) K c(^\ril^ r .9 (r) ll- 

\/n<p(x) 

Proof. By Taylor expansion, we have 

/(**) = E ^^.f (u) (-) + T^yry /% - -rW*)*, 
It follows from the above equality and the identity 

r 

Y,x v ik(x) =Cx v , v = 0,1,--- ,r. 
»=i 

we have 

= EE ^/ (u) (*w + i - s ) r " 1/(r) ^ s 

i=i«=o u - lr ^ i=l Ja; 

r it r 

= /(*) + cj2 / (u) (*)(E E 



which implies that 



w{x)\g{x) - H(g,x)\ = - ^ — w(x) ^ ^(x) /" (x, - s) r 1 5 (r) (s)ds, 



i=l 



I I ^ — 1 I I r — 1 

since \h(x)\ < C for x e [x r _ 5/2 , x r _ 3/2 ], i = 1,2, ••• ,r. It follows from J£i ^ — < ^(s) — 
between Xi and x, then 

«;(a;)|5(a;)-H(5,x)| < Cw(x)J2 (a* - «) r - V r) (*)l<k 

»=i 

< tf^ii^V r) iii>i-ao r - 1 r<p- r {8)ds 

f \ x ) i=1 Ja; 
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□ 



Lemma 3.5. For any a > 0, / G Cw, we have 
(3.6) WwB^im^CWwfl 
Proof. By (|1.2|) . we have 

|u)(x)iL r (/,x)| = |u>(x)i?„ , r (F n , x)| < w)(x) V" V" C j; (n)|F„( — )|p„,, fc (x) 



9 — 1 ro* — 1 ^ 



i=0 fc=l 

r— 1 r— 1 



+u)(x) £ Q (71)1^(0)^,0(2;) + w{x) Ci{n)\F n {l)\ Pnuni {x) 

i=0 i=0 

:= /1+/2+J3. 

Now, the theorem can be proved easily. □ 
Lemma 3.6. flT7]J Let min{/3(0), /3(1)} ^ |, tfien for r e N, < t < ^ and f < x < 1 - f , we 

2 ••• 2 <j>- r (x + ^2u k )du 1 ---du r ^Ct r <j>- r (x). 
"I •'-I fc=i 

Lemma 3.7. Let A n (x) := w(x) Pn.k{x). Then A n (x) ^ Cn~ a / 2 for < £ < 1 and a > 0. 

Proof. If |x — £| ^ -^=, then the statement is trivial. Hence assume ^ x ^ £ — ^= (the case 
£ + -7= ^ x ^ 1 can be treated similarly). Then for a fixed x the maximum of p n ,k(x) is attained for 
k = k n := [n£ — V"]- By using Stirling's formula, we get 

(f)"^x fc "(l-x)"- fc " 
p n fc (x ^ 0—5 — == ; , 

y/n k n n k n 
_ C q ^ — nx ^ ^ kn — nx ^ n _ kn 
\frt k n n k n 

Now from the inequalities 

k n — nx = [n£ — \/n] — ^£ > n(£ — x) — v 7 "- — 1 ^ 2~ n ^ — ^ 

and 

1 - u < e - u -i u2 , 1 + u sC e u , u^Q. 

We have that the second inequality is valid. To prove the first one we consider the function A(it) — 
e -«-th 2 +M _LHereA(0) =0, X'(u) = -(l + u) e - u -^ u2 +1, A'(0) =0, A" (it) = u{u + 2)e~ u -^ u2 ^ 0, 
whence A(it) ^ for u ^ 0. Hence 

C r . k n — nx 1 fc n — nx. 2l , 
Pn,fc„W < — exp{A:„[ -( ) \ + k n - nx} 



= ^=exp{- {kn - ^ } < e - Cn ^ 2 . 
\fn 2fc n 

Thus A n (x) sC C(£ - x) a e- Cn ^- x ^ 2 . An easy calculation shows that here the maximum is attained 
when £ — x = -§= and the lemma follows. □ 

Lemma 3.8. For < £ < 1, a, (3 > 0, we have 

(3.8) w(x) ^ \k-nx\ p p n , k (x) < Cn^^(x). 
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Proof. By (|3.2j) and the lemma 3.7, we have 

w(x)^(w(x) J2 Pn,k{x))^{ \k-nx\ 2 ^ Pn , k (x))^ ^Cn^^{x). 

\k— n£| ^y/n \k— n£| ^y/n 



Lemma 3.9. For any a > 0, / £ Wl, we have 

(3.9) ll^W-iWII < Cn r \\wf\\. 

Proof. We first prove x G [0, — ) (The same as x £ (1 — ^, 1]), now 

r— 2 | rii — r j 



i=o v ; fc=0 

r — 2 rii—r , 



i=0 k=0 



r — 2 rii—r r , 



r — 2 r 

^ Cw(x) £ < X) C r I Fn ( — " ) bn 4 -r,0 (as) 
r— 2 r 

n 



We have 



+ C«;(l) < E ^ I P n ( ) b»,-r,»,-r (?) 

i = Q j = Q 

r~2 rii—r—1 r , 

+ Cw{x)Y j n\ J2 T, ^ +T n ~ ] )\p nt -r, k {x) 

i=0 k=l j=0 n% 

Hi + i?2 + H 3 . 



Fx ^ C«?(i)^;njX)|^ n (— ±)\p ni - r ,o(x) 

i=0 j=0 1 

^ ' ^ ' 7* — 1 — 71 :h 



V — j — rti£ 



r-2 



^ cnHk/n^^ix-eira-x)"- 



i=0 

< Cnltf/||. 

Similarly, we can get H2 ^ Cn r ||w/||, and H3 ^ Cn r ||w)/||. 

When a; € [-, 1 — -], according to [5], we have 
\w(x)Bi:l^{f,x)\ 
= \w{x)B { ; L l^{F n ,x)\ 

< u)(x)(^ 2 (x))^£^Q,( a; ,n l )C7 4 (nK £ |(x - - )^||F„(- )\ Pni , k {x) 
i=o 3=0 k/meA 

+ wix^Hx^-^j^Q^n^C^nl Y, \( X ~ £ yW H ^ )\P"M 

Tli Tli 

i=0 3=0 x' 2 ^k/rii^x' 3 

:— o\ + o"2- 



□ 
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Where A := [0,4] U [x' 3 , 1], H is a linear function. If e A, when < C(l + n t " f |fc - n lX \ a ), we 

have |fc — Ti»^| 5^ :y ^-, also Qj(x,rii) — (rijx(l — a;))^ - ^, and (<p 2 (a;)) _r (5j(a;, rii)n^ ^ C(rii/ip 2 (x))~^ L . 
By (J121), then 

r — 2 r rii , , 

r— 2 r . 
i=0 j=0 r v ; k=0 

■= h+h- 

By a simple calculation, we have I\ ^ Cn r ||u)/||. By (|3.2[) . then 

r — 2 r 

i=0 j=0 y { ' k=0 

We note that \H(±)\ sC max{\H(x' 1 )\, \H{x' 4 )\) := H(a). 
If x € [a^,a^], we have to(a;) ^ u)(a). So, if x S [x^x^], then 

cr 2 < Cn r w(a).Ef(a) sC Cn r ||w/||. 
If x £ [3^,14], then w(a) > n i 2 , by (I3.8[) . we have 

a 2 ^Cw{a)H{a)w{x)^^nf{-^j-) 1 ^ L ^ |x - - \ j p ni ,k{ x ) 

<Cn r ||tD/||. 

It follows from combining the above inequalities that the lemma is proved. □ 



4. Proof of Theorems 
4.1. Proof of Theorem [HH When / G C<b, min{/3(0), /3(1)} > §, we discuss it as follows: 

Case 1. If < <^(x) by we have 

\w{xW(x)B { :l^{f,x)\ = C<p r (x) ■ f^^B^if^ 

ip (X) 

(4.1) <Cn*||u;/||. 
Case 2. Case 2. If ip(x) > we have 

\S£l_ 1 (f,x)\=\B£l_ 1 (F n ,x)\ 

r — 2 r m j , 

< (^(x))- r Y,Y,Qi( x > n ^ n WY,\( x --y\\^- )\pnM, 

Tli Tli 

i=0 j=0 fc=0 



where 

Qj(x,m) = (n iX (l - x))^\ and (ip 2 (x))~ T Q j{x,rii)n{ ^ C (rii / ip 2 (x)) V\ 
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So 



\w{xW(x)B^ r _ 1 (f,x)\ 



r—2 r 

= CwixWixij^^^h^ E \(x--y\\Fn(-)\Pn.Ax) 

+ cw(xW{ X )Y J Y.{^-) r -^ 53 \{*-- y\\H{- )\PnM 

i=o j=o r v ' x' 2 ^k/m^,x' 3 

(4.2) := ai + a 2 . 

Where A := [0,x' 2 ] U [x' 3 , 1], we can easily get a\ ^ Cnh ||w/|| , and a 2 ^ Cn^\\wf\\. By bringing these 
facts together, the theorem is proved. □ 

4.2. Proof of Theorem [HH When / G W£, by [5], we have 

r — 2 rii—r , 

(4.3) B^iF^x) =2Ci(nK E .K.-r.fe^). 



rii 

i=0 fe=0 



If < fc < 7i,- — r, we have 



(4.4) \t\F n {- )| < CV r+1 / |FW(- + u)|du, 
If fc = 0, we have 

(4.5) l^!IK(0)| < C u'- 1 |FW(u)|du, 

Jo 

Similarly 

(4.6) |^jr n (_l___)| <; C n- r+1 t (1 - u)i\F£){ u )\du. 



By (|4.3[) . we have 



\w(x)^(x)B^_ 1 (f,x)\ 

^c^)f(x)V< V |^if„(- )b„ l _ r , fe (x) 

z — ' z — ' "i n% 

i=Q fe=0 
i — 2 ni— r— 1 , 



< C«;(a:)0 r (x) V< V |A^ F„(- )|p ni _ r . fc (a 

i=0 fe=l 
r-2 

+C^(x)0 r (re) 2 < | ^1 F„ (0) |p ni _ n0 (a 

i=0 



r-2 



(4.7) +Cw(x)ct> r (x)J2n r i\A\F n (l)\ Pm _ r , ni _ r ( 



i=0 



which combining with (|4.4[) - (|4.6p give 

WxWWB^Mxy < c|W7 (r) ll-n 

Combining with the theorem 12.11 and theorem 12. 2[ we can obtain 
Corollary For any a > 0, ^ A ^ 1, we have 



(4.8) K*)^ A (x)<,-i(./>)| < | 



Cn r ^{max{n r ^ 1 - x y 2 ,ip r ^- 1 '>(x)}}\\wf\\, / € C«, 
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4.3. Proof of Theorem [HH 

4.3.1. The direct theorem. We know 

(4.9) F n (t) = F n (x) + F> n m -x) + >>- + j^—y J\t ~ uy-'F^^du, 

(4.10) 5 n ,r-i((- -x) k ,x)=0, k = 1, 2, • • • , r - 1. 

According to the definition of WJ, for any g e WJ, we have B n<r -x(g,x) = B, lir -i(G n (g), x), and 
{x)-B n . r ^ 1 (G n ,x)\ = w 

we have 



w{x)\G n {x)-B n . r ^i{G n ,x)\ = w(x)\B ntr -i(R r (G n ,t, x),x)\, thereof Rr(G n ,t,x) = j*(t-u) r 1 G < £ ) (u)du, 



w{x)\G n (x)-B n ^ 1 {G n ,x)\ ^ C\\w<j> r G$\\w(x)B n ^i( [ % JJ. du,x) 

Jx <r{u)o'(a) 

< C||^GM|Kz)(5„,,-i( f l ^f^ du,x))i- 

Jx (t) 2r {u) 

(4.11) (B n , r -i([ ^Z^' 1 du,x))^. 



x W 2 (u) 



also 



(4 ' 12) X ^ 2 "W ^ ' X ^ «> 2 (x) • 

By ([321), (03]) and (|4~T2|) . we have 

w(x)\G n {x) - B^^G^x)] ^C\\w<jfG^\\cf>- r {x)B n;r _ x {\t-xY,x) 

( 4.13) = c(-^)-ii^e(r)||. 

By (O, (EH) and (|4Tl3l) . when 5 € W£, then 

iD(x)|.g(a;) - B n , r -i{g,x)\ ^ w(x)|.g(a;) - G„(<?, x)\ + w(x)\G n (g,x) - B^^g, x)\ 

< w(x)\g(x) - H(g,x)\ 

+ c{^Ly\\w^g^\\ 

Vn<p(x) 

(4.14) <c( *w. )WfM| . 

For / e Cm, we choose proper g e WJ, by (|3.6j) and (|4. 14[) . then 

w(x)\f(x) - 5 n , r _i(/,:r)| ^ - g(x)\ + w(x)\B n>r - 1 (f - g,x)\ 

+w(x)\g(x) - B n , r -i(g,x)\ 



«c(iw-»>ii + (^>w» w ii> 
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4.3.2. The inverse theorem. The weighted K -function is given by 

KrAfXU ■■= inf{|H/ - 3)11 + n Ws (r) ll : 9 G WJ}. 

By [5], we have 

(4.15) CT^CM)™ < ^ (/,i% < CuKf.t)^ 
Proof. Let (5 > 0, by (|4.15|) . we choose proper 5 so that 

(4.16) |K/- 5 )|Kc,j(/,i) s , ||^V r) IKCT-H(/^)»- 

For r e iV, < t < and y < 2; < 1 - ^ , we nave 

^(^A^/^)! < \w(x)A r h ^(f(x) - B^r-Mx))] + \w{x)^ h4> B n>r _ x (f - g,x)\ 

+ \w(x)A r h(j) B ntr _ 1 {g,x)\ 

^x + { r 1 -j)H{x)) ) 



h4>(x) h4,{x) 



/ ••• / u;(a;)S^_ 1 (/-g,x + y]wfe)dui---dM r 

/ h<p(x) I h<p{x) * ■ 

17 2— 17 5— fc=i 

h4>{x) h(f)(x) T 

+ •••/ u)(ar)S^_ 1 (3,a; + Y^Ufe)dui • • • dw r 



fc=l 

(4.17) := Ji + J 2 + J 3 . 
Obviously 

(4.18) Ji < CCn-^'x)^)) 00 . 
By (EU) and P~To]) . we have 



J2 ^ Cn r \\w(f — g)\\ / ■•• / duf-du r 

J h$(x) J h$(x) 

icn r h r <t> r (x)\\w(f-g)\\ 

(4.19) ^Cn r h r <l> r (x)^(f,6)^. 
By the first inequality of (14.8[) . we let A = 1, and (14. 16|) . then 

J 2 ^ Cn^\\w(f - g)\\ •••/ <y9 _r (a; + 'S^u k )dui---du r 
^ 2— 17 j— fc=i 

< Cn^h r (f> r (x)<fi- r (x)\\w(f - g)\\ 

(4.20) < Cnih r <fr(x)<p- r (x)u)l(J,S) iS . 

By and (|4T6)) . we have 

J 5 ^C\\w4> r g {r) \\w(x) I ■■■ w^ 1 {x + ^u k )4>^ r (x + ^u k )du 1 ---du r 

^Ch r \\wcj> r g^\\ 

(4.21) ^Ch r 5- r u;(f,5h. 
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Now, by (|4.17p - (|4.2ip . there exists a constant M > so that 



if > r {x) v v 

^((n-J^r 

<p{x) 
<f>{x) 

+h r M r (n-^ S -^-r r ^(f, 8) w + h r 5- r u;(f, SU). 



When n ^ 2, we have 

n~^5 n (x) < (n — l) _ ^<5 n _ 1 (x) ^ \/2n~^5 n (x), 
Choosing proper x, 8, n € AT, so that 

<p(x) 4>(x) 

Therefore 

|^(x)A^/(x)| < C{6 a °+h r 8- r wW,S) iB }. 

Which implies 

So, by Berens-Lorentz lemma in [5], we get 



□ 
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